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ABSTRACT
Cryogenic, nuclear, frictional, solar and outer space heating 
or cooling introduce a further complexity to equipment design. 
Thermal stresses can arise when temperature changes or gradients 
are present. Herein a method is developed to determine the tem­
peratures and corresponding thermal stress distributions in three 
basic geometric configurations. They are the circular plate with 
a concentric or eccentric circular hole and the semi-infinite plate 
with a hole at an arbitrary distance from the plate edge. The 
temperature distributions corresponding to each stress profile are 
included to make stresses applicable to a variety of heating 
conditions. It is shown that transient stresses can be greater 
than the steady state values and that stresses increase as the 
relative hole sizes decrease. In addition to the theoretical 
developments some experimental work is presented for the transient 
temperatures and steady state thermal stresses in a circular plate 
subjected to a step change in temperature at the edge of an 
eccentric hole. Based on the experimental work, recommendations 
are presented for several different procedures related to the 
conduct of experimental thermal stress determinations. It is 
concluded, in general, that temperatures in addition to strains 
must be measured for experimental thermal stress determinations.
x
CHAPTER I 
INTRODUCTION
The technological advances in.an era of cryogenics, nuclear 
energy and space exploration have increased the complexity of 
design criteria. The temperature changes or gradients caused by 
cryogenic cooling, nuclear energy, aerodynamic heating, solar 
heating, or by other means can result in thermal stresses that 
must be considered significant for design purposes. Although 
thermal stress design criteria is becoming available through 
published research, the need for numerical.results in many areas 
of thermal design still presents a challenge. One area, in 
particular, is the hollow cylinder or circular plate subjected 
to various thermal conditions. This geometric cqnfiguration has 
received considerable attention in recent years.
In 1944> Jeager [l]#-'evaluated the thermal stresses for 
hollow cylinders and circular plates with no heat generation.
In his study curves of unsteady state tangential stresses at the 
outer edge of hollow cylinders and plates are presented. More 
recently, literature in the field of thermal stresses has con­
cerned itself with nuclear reactor design. In 1951* Carter [2] 
found the expressions for steady state thermal stresses in many 
common geometric shapes in which there is a uniform heat 
generation throughout the body. Sonnemann and Davis [3] obtained,
-^ Numbers in brackets designate references.
1
in 1957 > the exact solution for steady state temperature and 
stress distribution due to radial, exponentially varying, internal 
heat generation in a hollow cylinder. In 1959* Krauss and 
Sonnemann [4] determined the steady state temperature and thermal 
stresses in a hollow cylinder with heat generation in the form of 
a decaying exponential function in the radial direction and an 
arbitrary function in the tangential direction.. A year later 
Schmidt and Sonnemann [5] extended the work done by Krauss and 
Sonnemann [4] for the same type of heat generation, but obtained 
the general solution for the transient thermal stresses.
The results presented in references [2], [3], [4] and [5] 
find application in nuclear reactor design where internal heat 
generation is present, and where the geometric form is a hollow 
cylinder. Reference [1] where the geometric configuration is a 
hollow cylinder or circular plate with a concentric hole can, for 
instance, be applied to the wheel design of high speed transit 
systems, space craft design or similar systems where temperature 
gradients result from frictional, cryogenic, solar and similar 
effects.
In this work, the scope and application of existing thermal 
stress studies have been extended to cover thermal stress distri­
butions related to a greater variety of heating conditions 
applicable not only to the circular plate with a concentric hole, 
but also to the circular.plate with an eccentric hole of arbitrary 
size and the semi-infinite plate with a hole, at an arbitrary
distance from the plate edge. The solution of the described 
problem is developed using the methodologies of conformal mapping, 
heat transfer and thermoelasticity; each being presented in that 
order. In addition to exact steady state solutions, the results 
presented here make transient thermal stress determinations 
possible on a relative time basis. The determination of transient 
stress magnitudes is important because it is possible for transient 
stresses to be greater than the steady state values. For this 
reason a variety of transient temperature curves are included 
with the corresponding thermal stress curves. Of equal importance, 
thermal stress determinations are possible for any type of heating 
condition that results in a temperature profile that can be matched 
to one of those presented in this work by using the corresponding 
stress curves.
Geometrically, the eccentricity and size of the circular hole 
in the circular plate and the ratio of the hole diameter to its 
distance from the semi-infinite plate edge are varied to cover a 
range of practical interest.
In addition to theoretical results, some experimental measure­
ments of transient temperatures and steady state thermal stresses 
are presented for a particular circular plate with an eccentric 
hole.
CHAPTER II 
CONFORMAL MAPPING
The transformations associated with mapping by the functions 
of complex variables give a definite relationship between the 
points of two complex planes. The mapping is conformal when to 
each point in a given plane there corresponds one and only one 
point in the mapped plane. As a mathematical tool, conformal 
mapping can often simplify the solution of one or two dimensional 
problems, having complicated boundaries, by suitable transfor­
mations of coordinate systems,. In this chapter the transformations 
to be applied in subsequent chapters are developed.
A. Circular Plane with a Concentric Hole Transformed into a Semi­
infinite Plane with a Hole 
A circular plate with a concentric hole, as shown in Figure 1, 
can be transformed into a semi-infinite plate with a circular hole, 
as shown in Figure 2, by conformal mapping. The transformation 
that will accomplish the mapping is called the linear fractional 
or the bilinear transformation. This type of transformation always 
transforms circles and lines into circles and lines. It has the 
following general form:
az + b /TX ,\
cz + d v '
where a, b, c and d are complex constants. If equation (II-1) is
cleared of fractions the resulting equation in bilinear form is
Azw + Bz + Cw + D = 0 (II-2)
4
z - Plane
Figure 1 Circular Plate with a Concentric Hole
w - Plane
11 e
Figure 2 Semi-infinite Plate -with a Circular Hole
The statement and proof of the following theorem is found in
Functions of a Complex Variable by Townsend [6]: "there is always
one and only one linear fractional transformation that transforms
any three distinct points into three given distinct points." The
transformation in terms of any three distinct points is given by
(w - w ) (w« - w ) (z - z ) (z„ - z„)
 1 i 3_ = ----- 1--- 2--- 3_
(w - w ) (w2 - wx) (z - z3) (z2 - z1)
The above equation can be verified by expanding products and
clearing the fractions so that it has the form of equation (II-2).
Relative to Figures (l) and (2), if the three distinct points
zn = R w., - 01 o 1
z2 = 1 Wp == A (II-4)
= - 1 w^ = AN
are substituted into equation (II-3) the following transformation 
results:
2AN(z - R )
w  ------------------- 2-----------  (n-5)
(1 - N)(z + l)(Ro - 1) + 2(z - Ro)
The statement and proof of a second theorem, also found in [6], is
4
as follows: "the necessary and sufficient condition that any four
distinct points of the complex plane may be transformed by a 
linear fractional transformation into any other four distinct 
points of the plane is that the anharmonic ratio of the two sets 
of points is the same". The anharmonic ratio is defined as the 
following:
81t —1
N
Z2 wl - w2
z3 " Z2
w3 - w 2
1i—1
tq \ wx ■ W4
Z3 - z4 w3 " w4
Choosing the fourth point as
z. = - R w. = oo CH-7)
4 o 4
and substituting equations (II-4) and (II—7) into equation (II-6)
the following relation between N and Rq results:
4R
N = 1 + ------------------------------------------------ (II-8)
(R0 - l)2
The complex numbers z and w can be defined as: 
z = x + iy (II-9)
w = u + iv (11-10)
Substitution of equations (II-9) and (II-10) into (II—5) gives 
rise to the following additional relationships:
u = j 2AN(x - R )[2(x - R ) + (R - l)(l - N)(x + 1)]
+ 2ANy2[2 + (1 - n)(Rq - 1)] } /
j [2(x - Rq) + (Ro - 1)(1 - N)(x + l)]2 (11-11)
+ y2[2+ (1 - K)(Ho - l)]2 )
and
V = {2ANy[2(x - Ro) + (R - 1)(1 - H)(x + 1)]
- 2ANy(x - Ro)[2 + (1 - N)(Rq - 1)] } / 
i [2(x - Rq) + (R0 - 1)(1 - H)(x + l)f (XI-:
+  y 2 [ 2  +  ( i  -  n ) ( r 0  -  i ) ] 2 i
11 12)
On Figures (1) and (2) where = 1 and > 1 some of the mapped
points a-a*, b-b', c-c', d-d' and e-e' are shown on their 
respective planes. This mapping transforms the upper half of the 
2-plane configuration into the semi-infinite lower half of the 
w-plane, and the lower half of the z-plane configuration into the 
semi-infinite upper half of the w-plane. In this manner the 
inner boundary of the z-plane maps into the hole boundary of the 
w-plane, and the outer boundary of the z-plane maps into the left 
edge boundary of the w-plane.
The parameter of the ratio of the shortest distance between 
the hole edge and the plate edge to the hole diameter, with 
reference to Figure 2, is
Figures 3 through 6 are graphical representations of equations 
(II-5), (II-&) and (11-14) where Rq is varied accordingly, so 
that the parameter L varies from 1.0 to 4-0, a range of practical
N - 1
1
(H-13)
2
(Il-lif)
220
210
1.0
L = 1.0
240
270
300
330toCOCD
W)0)
Q
180 -
CD
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160
120
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140
Figure 3 Conformal Mapping Relationships
Figure 4 Conformal Mapping Relationships
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Figure 5 Conformal Mapping Relationships
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Figure 6 Conformal Mapping Relationships
interest. On these curves a dimensionless parameter is defined as:
=  f h r i T o  ^o
The applications of Figures 3 through 6 are explained in 
Chapter IV.
B. Circular Plane with an Eccentric Hole Transformed into a 
Circular Plane with a Concentric Hole 
A circular plate with an eccentric hole, as shown on Figure 7 
can be transformed to a circular plate with a concentric hole by- 
using a linear fractional transformation of the form.
cw + d '
Relative to Figures 1 and 7> the four corresponding mapped points 
are
w1 = 1 *1 = - 1
w2 = - 1 *2 = 1
w3 = ^  z3 = - Eo (11-17)
w, = x0 z. = R4 2 4 0  
When these corresponding points are substituted into equation 
(II-6) the following relationship between Rq, x^ and x^ results:
1 - x^x2 + ^(1 - x12)(l - X£2)
Ro   - - - - - - - +.. . . . . X i '  _  ^  >  1  • C H - 1 8 )
where - l < x 2 < x 1 < l ’
Further substitution of the corresponding points into equation
w - Plane
Figure 7 Circular Plate with an Eccentric Hole
/
(II-3) gives
w - A
z Aw - 1
where
> 1 (11-20)
Xl + X2
and
H± = 1.0 (11-21)
The complex numbers z and w can be defined as: 
z = R(cos0 + isinQ) 
w = r(cos$ + isin$)
(11-22)
(II-23)
Substitution of these equations into equation (11-19) gives the 
following additional relation
It should be noticed that this transformation inverts the 
boundaries. The boundary of the eccentric hole has now become 
the outer boundary in the z-plane, and the outer boundary of the 
plate shown on Figure 7 has become the inner boundary of the 
transformed plane show-’ on Figure 1. The implications of this 
boundary inversion are discussed later.
Figure 8 is a simultaneous plotting of equations (11-18) and 
(11-20). Figures 9 through 17 are graphical representations of 
equation (11-24). The applications of these figures are explained'
R = r2 + A - (A2 + l)rcos$]^ + f (A - l)rsin$~]^  
[A2r2 + 1 - 2Arcos§]2
(II-24)
1.0
20 12 8
Figure 8 Constants Related to Eccentricity Parameters
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in Chapter IV.
C. Circular Plane with a Concentric Hole Transformed to a
Rectangular Plane
The circular plate with a concentric hole, shown on Figure 1,
can be transformed [6] to a rectangular plate by
w'= In z = In R + i0 (11-25)
This mapping is shown on Figure IS.
D. The Configuration Applications
The configuration shown on Figure 18 is used to generate
temperature profiles. The corresponding thermal stress profiles
are developed using Figure 1 as the reference configuration where
the ratio of R to R. varies from 1.3 to 20 in order to cover a o 1
range of practical interest. Later it will be described how 
Figures 3 through 6 in conjunction with the stress curves, to be 
presented in Chapter IV, are sufficient information to determine 
the direction and magnitude of the principle thermal stresses at 
any location in the vicinity of a hole in a semi-infinite plate 
subjected to different temperature profiles.
Given a circular plate with an eccentric hole, Figure 8 is 
used to determine the value of A. and R , In the thermoelasticity 
chapter it will be described how this, in conjunction with Figures 
9 through 17 is sufficient information to determine the principle 
stresses at any location on a circular plate having an eccentric 
hole for the corresponding temperature profiles. In addition, 
the stress and temperature curves presented in Chapters III and IV
w 1 - Plane
2rr------
0
r
£L
u D = In R R oo
Figure 18 Hollow Cylinder Mapped to a Rectangular Plate
will be directly applicable to the case of a plate with a 
concentric hole where reference to Figures 3 through 17 is not 
necessary.
CHAPTER III 
HEAT TRANSFER
The solution to the heat transfer problem is derived relative 
to the configuration of Figure 18. For the heat transfer problem 
it is assumed that there is no heat generation within the plate. 
Also it is assumed that the temperatures can be determined inde­
pendent of deformations and that material properties are uniform
and constant. The initial temperature distribution T^ , is assumed 
to be uniform throughout the body. Referring to the physical 
planes, Figures 2 and 7* the assumed boundary conditions are that 
the boundary of the hole in Figure 2 or the outer edge in Figure 7 
is always maintained at the initial temperature T ,^ while at time 
zero and thereafter the edge of the semi-infinite plate or the 
edge of the eccentric hole in the circular plate is subject to a 
step change in temperature T - T.. Referring to Figure 18, the 
heat transfer equation under these conditions becomes
aVtt'.t) = ££ 5T(u' ,t) (TTT_1}
Su'^ k St
with the initial and boundary conditions of
T(u',0)=Ti (III-2)
T(0,t) = T± (III-3)
T(u 'r ,t) = Tq (III-4)
o
Equation (III-1) can be solved by separation of variables if the 
following superposition is made.
30
T(u',t) = T'(u',t) + T"(u1)
Substitution of equation (III-5) into equations (III-1) through 
(III-4) results in the following differential equations and 
boundary conditions in terms of T" and Tf:
The solution of equation (III-6) is obtained by integrating twice. 
The result is 
T"(u') = C-jU' + C2
Applying equations (III-7) and (III-8) to the above expression 
for T" results in
The solution to equations (ill -*9 ) through (III-12) is achieved by 
assuming a product solution of the form
(III-6)
T"(0) = T± (III-7)
T"(u >r ) = Tq (HI-8)
o
and
(HI-9)
T'(0,t) = 0 
T'(u »r ,t) = 0
(111-10)
(III-ll)
o
T'(u*,0) = H - T"(u') (111-12)
T''(u') = T. + -2^ —  (T - T.) v ' i , o i (HI-13)
T'(u',t) = X(u') I(t) (111-14)
Substitution of equation (XIX-14) into equation (III-9) gives
X"I = ££ XY( (111-15)
Now separating the variables results in
X " . £ C l ' _  .2 fTTTr kf— x (in-i6)
2
where X is the separation constant. From equation (III-16) the 
following differential equation can be expressed with boundary 
conditions as:
X" + x2x = 0 (111-17)
X(0) = 0 (III-18)
X(u'R ) = 0 (HI-19)
o
The solution to equation (111-17) is
X = A cos(Xu') + B sin(Xu') (111-20)
Applying the boundary condition given by equation (111-18) to 
equation (111-20) shows that the constant A is equal to zero.
When the boundary condition given by equation (111-19) is applied
to equation (111-20) the result for a nontrivial solution is
Xn = - ^  n = 1,2,3,.... (111-21)
U,R0
Substitution of these results implied from the boundary 
conditions into equation (111-20) gives
X = B sin/^- \ (111-22)
A u 'r
o
The second differential equation obtained from equation (111-16)
is
T» + X2 —  I = 0 (HI-23)n pc \
The solution to equation (111-23) is 
/- X^kt\
Y = Cexpl -'(111-24)
Forming the product solution as explained in equation (111-14)* 
gives the following expression for T':
T'(u',t) = V )  c exp /~ ■" (111-25)
^  \ P=u'R 2 \u'R J
0 o
In order to solve for C , the initial condition as stated by
n J
equation (III-12) is equated to equation (111-25). The result is
~ T  (Ti - To} = Z  °n ^ ( t 1 ) ' (III-26)
o
Applying orthogonality relations to equation (ill-26), is
expressed as
f B° 3 T "  <Ti - To) sin du'
c = A  \ *°L ( m _27)
^  /* 11 I / v
/ U  P  9 / m T n  I \
du
The integrals in the numerator and denominator of the previous 
expression are found in tables [7]. Integration of equation 
(II1-27) results in
c =
n
2(T. - T ) ( _ 1) 1 o
n+1
n = 1,2,3,---
TT n
Substitution of equation (ill-28) into equation (111-25) gives
(III-28)
2(T. - T ) 1 “
T'(u',t)  -- ----
n
i -,n+l , 2 2( - 1) /- n tT kt
exp
n pcu1H
sin nTTu' (111-29)
R
and substitution of equations (111-29) and (III-13) into equation 
(111-15) results in:
T(u',t) = T. +
u'
u1R
2(T. - T )( “ ( - 1)
(T - T ) H- —  i . £  -----
If 1 *— 4
iri-1
n=l
exp
2 2,,. 
- n tT kt
pcu' "
sin i nTTu'
u1
(111-30)
o o
Rearrangement of this equation gives
I OO
11 I T1 ■■■' ■
( - 1)nil
u 'r ^ n=l o
n
exp
2 2, , 
- n tT kt
pcu1R
• /nTTu' \
(111-31)
o o
Equation ‘(HI-31) is the solution of equations (III-1) through 
(III-4). This equation gives the transient temperature profiles 
for the assumed boundary and initial conditions of the con­
figuration shown in Figure 18. It was mentioned in Chapter II
that the thermal stress equations would be derived relative to 
Figure 1. In the present chapter the temperature equation to be 
furnished for the thermoelastic relations is being derived. 
Employing equation (11-23), Figure'1 was conformally mapped onto 
Figure 18. Applying the inverse mapping to equation (III-31) will 
result in the following temperature equation for the geometric 
configuration of Figure 1.
1 “ n+T
iHJL _ 1 Y  .( z x)--
In R TT / j n
0 n=l
exp ( ~ n2ff2kt p) s i n / s ^ )  I ' (IH-32)
\po(lnHo)/ \lnH0 /)
Figures 19 through 22 are plots of equation (111-32) for different
values of L as defined by equation (11-14) for the physical con­
figuration shown in Figure 2. Similarly, Figures 23 through 30
are plots of equation (111-32) for different values of R as
o
defined by equation (11-18) for the physical configuration shown 
in Figure 7* On these curves S designates the steady state 
solution and R# is defined by equation (11-15). The dimensionless 
time parameter F, and the dimensionless temperature T# are defined 
as
T - T.
T* = T - T" (III-33)
o i
F   ' ■   (111-34)
pc[ln(l + 2L + 2 W  + L)]2
for a semi-infinite plate with a hole, and 
2
F  ------- -2' (111-35)
pc[ln Rq]
for a circular plate with an eccentric hole. In equations (111-34) 
and (111-35) it must be realized that, for a particular location 
on any of the conformally mapped configurations, the time indicated 
no longer corresponds to actual or real time since conformal 
mapping can stretch or contract the path of heat flow. Con­
sequently the transient curves only indicate qualitative behavior 
during the transition from initial to steady state conditions.
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CHAPTER IV 
THERMOELASTICITY
In order to solve for the principle thermal stresses in the 
geometric configuration of Figure 1, the following assumptions in 
addition to those stated in the heat transfer analysis are made:
a) The deformations are small.
b) The material is Hookean and isotropic.
c) The circular plate is thin, unrestrained and in a state of
plane stress.
d) The temperatures, deformations and related thermal' stresses
are axially symmetric.
The derivation of the equilibrium equations follows from a free 
body diagram of an infinitesimal element. The equilibrium forces 
per unit thickness acting on such an element are as shown in
V
(Sjjr) Kd9 (SRE + 5SS 5 ®)(H + dB)ds
Figure 31 Equilibrium Forces
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Figure 31. From Newton's Second Law a balance of forces in the 
tangential direction indicates that
3S_
= 0 ‘ (IV-1)
Similarly, the balance of forces in the radial direction yields 
the following equilibrium equation:
^ s s  + fsiifae = o (I7J)
Oit it
The strain-displacement equations can’be derived in a similar 
fashion. An infinitesimal element with its related displacements 
is shown in Figure 32. The radial strain is defined as the ratio 
of radial displacement relative to the original length, or
(u + -Trr dR) - U  ^
e = aR = 2H (IV-3)
RR dR 3R
The tangential strain is the ratio of tangential displacement
Rde<.
dR
Figure 32 Infinitesimal Displacements
relative to the original length, or
_ (R + u)d0 - Rdfl _ u 
S00 Rd0 R
From Theory of Thermal Stresses by Boley and Weiner [7]:
(IV-4)
SRR
S00
E
1 -
E
v eRR + ve00
1 - v L
e00 + veRR
] -
J-
qET
(1 - v)
oET
(IV-5)
(IV-6)
(1 - v)
Substitution of equations (IV-3) and (IV-4) into equations (IV-5) 
and (IV-6) gives the following stress-displacement relations:
SRR
S00
E du , u 
 1- v “
1 — v L6R R_ (l — v)
oET
E
1 - v l_R
+ v du 
dR .
oET
(1 - v)
(IV-7)
(IV-8)
Differentiating S ^  with respect to R results in:
oS.RR
E
dR 1 - v dR
du u
 1- v —
dR R
qE dT
(IV-9)
(1 - v) 6R
Substitution of equations (IV-7), (IV-8) and (IV-9) into equation 
(IV-2) yields an equilibrium equation in terms of displacements.
1 — v dR L 6R
oE st
(1 - v) dR
+
E
(i - v )r U r
p U v H ]  -
LdR RJ
oET
(1 - v)R
(1
J 4 _ [ s  + V fisl
- V )R Lr dRj
+  =  o
(1 - v)R
(IV-10)
Simplifying the above equation gives
B_
BR
or
Su + H 
BR R
- (i 4-  ^aT
“ a(1 + v) BR (IV-11)
B 1 B(Ru) _ , n BT
BR R BR ^  v' BR
Integration of equation (17-12) gives
1 M M  = a(l + v) I + Cl
(IV-12)
(IV-13)
or
d(Ru) = [a(l + v) TR + C^R] dR
Now integration of equation (IV-14) gives
>/.
R
Ru — a(l + v)| TR dR + C^R + Cg 
R.
(iv-14)
(IV-15)
or
i fJ R.
u = S^ + -v) I TR dR + CXR + ~ (IV-16)
Substitution of equation (IV-16) into equations (IV-3) and (IV-4) 
give the following strain equations:
S99
r R
SliL+ylj TR dR + C + -|
*  Jr . a
(IV-17)
and
Substitution of equations (IV-17) and (IV-18) into equations 
(IV-5) and (IV-6) yield the following stress equations:
«E f R C1E C2E
SBB =  -  ^  I  131 ®  +  - - - - - - - - - - - - - - -    2  ( I V - W )
m  R 1  (1 - v) (1 + v)R
r f  °iE C?E
Sfl TR dR - aET +  =--+ -5-^----  (IV-20)
09 E .4 (1 - v) E (1 + v)
i •
For an unrestrained plate the boundary conditions are
S = 0 at R = R (IV-21)
Srr=.0 at R . R o (IV-22)
Applying these boundary conditions to equation (IV-19) gives the 
following pair of equations to be solved for and C^ :
C E CpE
0   i  _ ------— - (IV-23)
(1 - v) (1 + v)R^
cvE A  C1E C2E
0 = - SL7/ TR dR + -- ---  -  *-K (IV-24)
Rq (1 - v) (1 + v)Rq
with the following results:
Now substitution of equations (IV-25) and (IV-26) into equations 
(IV-19) and (IV-20) gives the radial and tangential stress 
equations [7].
These equations give the principle thermal stresses for the 
configuration of Figure 1. In these equations T represents the 
change in temperature from an unstressed state. Furthermore if 
T happens to be a constant the radial and tangential stresses . 
are zero. In order to solve equations (IV-27) and (IV-28), the 
temperature profile must be known. The temperature profile to be 
used in these equations, for the calculation of transient thermal 
stresses is the one obtained in Chapter III.
CvE (R2 - Ri2)
I
Ro
SRR " r2 TR dR +
R2 (R 2 - R.2) 0 1 '
TR dR (IV-27)
1 1
•R 9 9 ■ ■ i*o
TR dR + TR dR - qET (IV-28)
T(R,t) = T. + (T - T.) 
’ 1 o 1
03 4-1
In R 2 ^  ( - 1)
In R ~ Tf /  4 n o
n=l
(III-32)
From equations (IV-27) and (IV-28) it becomes obvious that the 
integral, I = j J*(T - T^)R dR} with respective limits must be 
evaluated. In equation form this integral is
I _ At In R
T T  J  ETr“  if
1 J  0 n=l
JLzJLl
n-t-1
n
exp
2 2 
- n TT kt
pc(ln R )' 
o ¥ R sin I R 1 dRIIn R (IV-29)
In this equation there are two integrals 1^ and 1^ to be 
evaluated. If
T - T. In R 
0 1 o
( - i)
n+l
n
n=l
2 2
, -n TT kt , x exp I   s 1 I„
tpc(ln Rq)
2 2
then
I = J  R In R dR
“1
and
-2 j  E ®I . / ml In
(IV-30)
(IV-31)
(IV-32)
The integral I from integral tables [8], has the solution
h -
1,2 1 B ^r  to B - r j (IV-33)
In order to solve for the following transformations are made:
E = exp(x)
Substitution of equation (IV-34) into equation (IV-32) gives
/e*p(2x) sin ( j f - J dx (IV-35)
The solution to this integral as found in integral tables [8], is
exp(2x)
I2
2 sin nTfr nTTx \ ______
In R j In R
> 0/ o
cos / nTTx \
V3” V
4 +
nTT
2 (IV-36)
.In R
Using the inverse transformations of equation (IV-34) in equation 
(IV-36) yields
R
I2 =
/ nTTln
‘• W
Substitution of equations (IV-33) and (IV-37) into equation
(IV-37)
(IV-30) gives
The solutions to I with corresponding limits are
(T - T. )R dR = (T - T.) P -
2(T - T.)o l'
R.x
o X TT Q
where
P = 2 In R - sR.2 In R. - ^R 2 + £r .2*1 / In R
L 0 O X  X * 0  J ' C
«-E
n=l
( - 1)
n+1
n
N - N'
,4 + (nff/ln Rq)‘
exp
/ _ 2-2n tT kt
\ pc(ln R )'
N
N1
= Rq2 ^ 2sin(nTT) - (ntf/ln Rq) cos(mT)J
= R^2 J^ 2sin(nTfln R^/ln Rq) - (nTf/ln Rq)
cos(nTtln R./ln R ) x o J
and
/ *J r .
X
where
2(T - T.)
(T - T. )R dR = (T - T.) P '  P-^ 1 Q'
o x TT
P» = [ ^ R2 In R - ^ L 2 In Ri - ^R2 + ^R±2] / In Rc
n=l
n+1
n
M' - N'
4 + (nrf/ln Rq )‘j
exp
2 2 
- n tT kt
pc(ln RqY
M' = R2 ^ 2sin(niTln R/ln Rq) - (nTf/ln R ) 
cos(nTTln R/ln Rq)J
(IV-39)
(IV-40)
(IV-41)
(IV-42)
(IV-43)
(IV-44)
(IV-45)
(IV-46)
(IV-47)
N' = R.2 f2sin(mTln R./ln R ) - (nTf/ln R ) 
i L a. o o
cos(nffln Ri/ln Rq)J (IV-48)
Substitution of equations (IV-39) and. (IV-44) into equation ”
(IV-27) gives
aE I 2(T - T )
p' - \  v
crE (R2 - R.2) ( 2(T - T.)
+ “S -- 5-------- ( T - T ^ P -   2--- —  Q } (IV-49)
R2 ( R 2 - R 2)( 0 1  IT 10 1
Rearrangement of this equation results in the following 
dimensionless equation:
S 1 (R2 - R 2) 1
= -v — ?— (p - 2Q/ff) - -7 (pi - 2Qf/^) (iv-50)
aEAT R (Rq - R± ) R
where
AT = T - T. (IV-51)o i  ' *
Similarly, substitution of equations (IV-39)* (IV—4A-) and
(111-32) into equation (IV-28) gives after the rearrangement
S (P« - 2Q'/rr) (R2 + R,2)(p - 2Q/TT) 2M In R
—   ---- 2------ +----- i r S  2—  + ~  - ----  <CT-52)
aEAT R R (R - R. ) TT In R
o i  o
where
m - Y  eJ  --_ ^rr2kt \ 3ln / r s m n \  (IV_53)
n \ pc(ln R ) / \ln R /* 
n=l o
For the case of plane strain such as a long hollow cylinder free 
of surface tractions, the radial and tangential stresses are 
obtained by replacing uE by oE/(l - v) in equations (IV-50) and 
(IV-52). In this case the axial stress term is [7]
Szz = SRR + S00 (17-54)
The solutions of equations (IV-50) and (IV-52) for values of R
o
corresponding to L = 1,2,3 and 4, for the physical configuration 
of Figure 2, are given in Figures 33 through 40. Solutions of 
these equations for values of Rq ranging between 1.3 and 20.0 are 
given in Figures 41 through 56. On these curves, S designates the 
steady state solution. The time parameter F is defined by 
equation (ill-34) or (III-35), and R# is defined by equation 
(11-15).
To obtain the stresses in a circular plate with a concentric 
hole, Figures 41 through 56 are directly employed. In order to 
determine the principle stresses in the region of a hole near the 
edge of a semi-infinite plate Figures 3 through 6 are used. The 
polar coordinates of Figure 1 are mapped onto these figures. On 
Figures 3 through 6 lines of constant R# are lines of constant 
temperature and constant tangential and radial principle stresses. 
At a given location the tangential stresses are tangent to lines 
of constant Rtf, and the radial stresses are normal to the tan­
gential stresses. The lines of constant 9 on these figures are 
not lines of constant stress, but indicate the direction of the 
principle radial stress. The value of R# for a particular
location on one of Figures 3 through 6 is used in Figures 33 
through 40 at the corresponding value of L to determine the 
magnitude of the principle stresses at that location on the semi­
infinite plate.
To obtain the stresses at any point on a circular plate con­
taining an eccentric hole, a value for x^ and x^ is initially 
determined with reference to Figure 7. Then x^ and are used 
in conjunction with Figure 8 to obtain a value for A and R^ .
The tangential stresses at the boundary of the eccentric hole are 
determined by setting R = Rq on one of Figures 41 through 1+8, 
corresponding to the value of R . By setting R = R_^ , the tan­
gential stresses at the outer boundary of the configuration are 
determined, using again the stress curve corresponding to the 
respective value of R . Throughout this work the value of R^ is 
equal to that given by equation (II-19). In order to determine 
the stresses at any point between the boundaries, the predetermined 
value of A is used with Figures 9 through 17- From these figures 
a value for R can be determined for any value of r and $ defined 
by Figure 7* The values of $ on Figures 9 through 17 vary only 
from 0. to 180 degrees due to the symmetry of the configuration. 
Among these figures, the family of curves for r = 0. and r = 1.0 
are not included. When r = 0., R = A; and as previously mentioned 
when r = 1.0, at the outer boundary, R = R . The values of R 
determined from Figures 9 through 17 are used on Figures 41 
through 56 at the corresponding Rq to determine the radial and
tangential stresses at points between or on the boundaries. The 
tangential stresses at the boundaries are obviously in the tan­
gential direction. The direction of the tangential stresses 
evaluated between the boundaries are always tangent to lines of 
constant tangential stress or constant temperature which are 
located at a constant value of E as r and § are varied. The 
radial stresses are normal to the tangential stresses.
Figures 49 through 56 show that radial stresses are tensile. 
For a circular plate with a concentric hole the radial stresses 
are tensile for the assumed heating conditions; but for a circular 
plate with an eccentric hole the radial stresses as shown on 
Figures 49 through 56 should be interpreted as compressive. When 
comparing these two configurations, the reason for the sign change 
is due to the boundary inversion mentioned in Chapter II, relative 
to equation (11-18). When the outer edge of a circular plate with 
a concentric hole is heated, the expansions in the radial direction 
cause tensile stresses; but when the edge of the eccentric hole in 
a circular plate is heated there is a resulting contraction between 
the boundaries causing compressive radial stresses. As a result 
of this physical observation, an additional consideration must be 
made. Since compressive radial stresses in the circular plate 
with an eccentric hole is equivalent to a reversal of the tem­
perature boundary conditions on the circular plate with a con­
centric hole, the additional consideration for the radial stresses 
in a circular plate with an eccentric hole is that T-* = 0 now
corresponds to R# = 1, and T* = 1 corresponds to Rtf = 0. 
Consequently the radial stresses in a circular plate with an 
eccentric hole must not only be interpreted as compressive; but 
on Figures 49 through 56, R-* must be replaced by 1 - R# for this 
particular configuration.
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CHAPTER V 
EXPERIMENTATION
Experimental work was performed in order to determine the 
transient temperatures and the steady state thermal stresses in a 
circular plate with an eccentric hole subjected to the initial and 
boundary conditions consistent with those used in the theoretical 
developments.
The test specimen was an aluminum, 24S-T, plate with the 
following dimensions:
Radius = 9-75 inches 
Thickness = .25 inches 
Eccentric hole diameter =2.0 inches 
Eccentricity =6.0 inches
The eccentricity is defined here as the distance between the 
centers of the circular plate and the eccentric .hole. Relative to 
Figure 7 these dimensions yield the following values for r , x^, 
and x2:
r = .812 feet = 1.0 unit (V-l)o
x^ = .513 units (V-2)
x^ = .718 units (V-3)
Equation (V-l) gives the relationship between the unit measurement 
of length and the foot measurement of length for this particular 
geometric configuration. When the above values for x^ and x^ are 
used on Figure 8, the following values for A and Rq are obtained:
87
A = 1,6 units (V-4)
Rq = 6.0 units (V—5)
Table 1 gives a listing of properties for the aluminum plate used 
in the experiment. These values were obtained from Strength of
Materials by Marin and Sauer [9] and Principles of Heat Transfer
by Kreith [10].
TABLEI 1 
PROPERTIES - ALUMINUM 24S-T
Density............................... 172.8 Lb/Ft3
Coefficient of Thermal Expansion........ 12.9x10"^ In/ln-°P
6 2
Young's Modulus of Elasticity..........  10.6x10 Lb/in
Poisson's Ratio...........................325
Specific Heat.............................208 Btu/Lb-°F
Thermal Conductivity..................  118 Btu/Hr-Ft-°F
Substitution of respective constants into equation (111-35) gives 
the relationship between time and the parameter F for this geo­
metric configuration. Time is measured with respect to the 
initial condition, based on the theoretical developments in 
Chapter III.
t = 3.92 F minutes (V-6)
The experimental set up is shown in Figure 57, where the two 
faces of the aluminum plate are insulated. An insulation thick­
ness of approximately 1.5 inches was used in order to comply with
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Figure 57 Experimental Test Apparatus
Steam
two dimensional heat flow, leaving only the outer edge of the 
plate and the edge of the eccentric hole exposed for heating and. 
cooling purposes. Some properties of the insulating material are 
listed in Table 2.
TABLE 2
PROPERTIES - RIGID URETHANE FOAM 
Density.............................  2 Lb/Ft^
2
Shear Modulus.......................  220 Lb/in
Thermal Conductivity................. .0103 Btu/Hr-Ft-°F
Melting Temperature.................. 350 °F
Also shown on Figure 57 is a typical thermocouple mounting 
made of wood, bonded to the insulation, where a hole is drilled 
through the wood and the insulation for thermocouple implantment. 
The thermocouples were conax, 32 gauge, copper-constantan, All of 
the thermocouple locations relative to Figure 7 are listed in 
Table 3- In this table, R# was calculated by using Figures 9 
through 17 in conjunction with equation (11-15).
A. Experimental Procedures and Test Results
Prior to the measurements of transient temperatures, the 
outer edge of the circular plate and the edge of the eccentric 
hole were subjected to an ice bath. The ice bath was maintained 
until uniform and steady state conditions were reached in the 
plate. At this-time the edge of the eccentric hole was exposed to
TABLE 3 
THERMOCOUPLE LOCATIONS
Thermocouple
Number
r
(units)
$
(degrees) R*
1 . .718 0 1.00
2 . .553 10 .87
3 .512 10 .73
4
Oi—1
-3'« 10 .45
5 .205 10 .21
6 .512 40 .19
7 .000 0 .12
8 1.000 180 .00
saturated steam at atmospheric pressure while the outer edge of 
the plate remained in ice. The transient temperatures were 
recorded and are plotted on Figure 58. In addition to temperature 
versus time, also temperature versus the parameter F is shown on 
Figure 58. The parameter F was calculated from equation (V—6). 
Using the transient temperature results on Figure 58, values of T# 
were calculated from equation (III-*33). In Table 4 the values of 
T*- are presented for corresponding R-«- locations at different 
times. The results in Table 4 were plotted on Figure 59 which 
also shows the theoretical transient temperatures for the 
particular geometry of the plate used in this experiment.
In order to measure the steady state stresses a total of ten
200
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o
Time (minutes)
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Figure 58 Experimental Transient Temperatures
TABLE 4
TRANSIENT DIMENSIONLESS TEMPERATURES
F = .1 F = .3 F = .8 Steady State
t = .392 min t = 1.175 min t = 3.12 min Extropolated
R* T (°F) T* T (°F) T-:i- T (°F) T-* T (°F) T-tt
.00 35 .00 35 .00 35 . .00 35 .00
.12 35 .25 37 .011 49 .078 90 .305
.19 36.5 .0083 41.5 .036 62 .150 115 .444
.45 49 .078 80 .250 124 .493 160 .695
.73 79 .245 137 .567 174 .772 187 .843
.87 140
ir\
to>~r\ 175 .778 199 .991 205 .945
1.00 209 • 970 214 • 995 215 1.00 215 L.00
strain gauges were mounted on the plate. Five of the gauges were 
biaxial and five were rectangular rosette. The directions of the 
gauges are shown on Figure 60, and the location of each gauge is 
given in Table 5. In Table 5, R* was calculated from equation 
(11-15) and Figures 9 through 17. The tolerances were based on 
the approximate gauge length.
Prior to conducting any experiment, the gauges along with 
their respective lead and hook-up wire were checked for 
electrical continuity. All measured resistances fell within the 
range of 120 + 10 ohms.
Since most strain gauges are affected by temperature changes
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Figure 60 Strain Gauge and Thermocouple Orientation and Location
TABLE 5 
STRAIN GAUGE GRID LOCATIONS
Gauge Location - r, (units) R*
1 .569 + .0123 .050 + .003
2 .569 ± .0123 .050 + .003
3 .137 + .0072 .086 + .002
4 .246 + .0123 .100 + .003
5 .733 + .0123 .100 + .005
6 .246 + .0123 .100 + .003
7 .246 + .0123 .100 + .003
8 .733 + .0123 .100 + .005
9 .733 + .0123 .100 + .005
10 . 185 + .0123 .203 + .008
11 .414 + .0123 .204 + .002
12 .777 + .0123 ' .196 + .015
13 .777 + .0123 .196 ± .015
14- ■ .176 + .0072 .200 + .005
15 .414 + .0123 .204 ± .002
16 .777 + .0123 • .196 + .015
17 .293 + .0072 .295 + .010
18 .569 + .0123 .050 ± .003
19 .414 + .0123 .204 + .002
20 .007 + .0041 .100 ± . 001
21 .405 + .0072 .483 + .019
TABLE. 5 - Continued
Gauge Location - r, (units) R#
22 .303 + .0123 .305 + .015
23 .462 + .00?2 .695 + .030
24 .393 + .0123 .460 + .032
25 .457 + .0123 .660 + .055
due to changes in electrical properties and differences in 
coefficients of thermal expansion, the initial experimentation 
was to calibrate the strain gauges for a uniform change in tem­
perature. Strain readings were taken at ambient conditions and 
at the ice point. The results are presented in Table 6. These 
results show that some of the gauges or strain indicators were 
faulty. In order to check these discrepancies the strain indi­
cating equipment was interchanged with the gauges that were 
functioning properly. The interchange showed that the equipment 
was in proper working order, and that the gauges were not 
functioning, as expected. Even though some of the gauges were 
faulty it was felt that the number of gauges still functioning 
properly were sufficient to obtain meaningfull thermal stress 
data.
For the steady state thermal stress experiment, the initial 
gauge readings were taken at a uniform ambient temperature. Then 
the outer edge of the circular plate was subjected to an ice bath,
TABLE 6
STRAIN GAUGE TEMPERATURE COMPENSATION
Gauge Strain gauge reading 
at ambient temperature
( x 10“6)
Strain gauge reading 
at ice point
( x 10"6)
Relative
change
( x 10~6)
1 8 -89 -97
2 11 -81 -93
3 2 -26 -28
4 4 -79 -83
5 -a - -----
6 -----
7 -----
8 #
9 4 -Ilk -118
10 7 -80 -87
11 17 ' l o r —
12 -5 -102 197
13 13 —
14- 23 -106 -129
15 -3 -93 -90
16 -5 -101 -96
17 28 A  A _ _
18 20 -108 -128
19 9 -75 -84
20 21 -38 ■ -59
21 ■iW'-
22 6 -99 -105
23 13 -198 -212
24 12 \/ \/ *A A —
25 5 -130 -135
■^ Unable to balance bridge Ambient temperature = 87*5 °F
■^ '-Continuous drift Ice bath temperature = 34. F
while the edge of the eccentric hole was exposed to steam. Wien 
steady state conditions prevailed the final strain gauge readings 
were taken. The results are presented in Table 7. Table 8 gives 
the corresponding value of R* for the location of each gauge, the 
grid temperature, the strain correction due to temperature and
TABLE 7
STEADY STATE STRAIN MEASUREMENTS
Grid Strain at 
ambient
( x 10~6)
Strain at 
steady state
( x 10*"^ )
Change in 
strain
( x 10-6)
1 5 37 32
2 14 38 24
3 24 -42 -66
10 34 -44 -78
11 34. -26 -60
12 37 -52 -89
13 -12 -98 -86
14 35 75 40
15 35 -73 -108
i6 13 103 90
18 26 -12 -38
19 29 34 6
20 0 28 28
22 28 -65 -93
23 3 -108 -111
25 11 8 -3
Ambient temperature = 90 °F
Steady state temperatures are those shown in Figure 58
TABLE 8
CORRECTED STRAIN MEASUREMENT DATA
Grid Rtf T
(°F)
Strain
correction
( x 10“6)
True
strain
( x 10~^ )
1 '.050 + .003 60 -53 85
2 .050 + .003 60 -51 76
3 . 086 + .002 69 -11 -55
10 .203 + .008 116 +42 -120
11 . 204 + .002 117 +47 -107
12 .196 + .015 115 +44 -133
13 .196 + .015 115 +44 -130
14 .200 + .005 H o +60 -20
15 ,204 + .002 117 +47 -155
16 .196 + .015 115 +44 46
18 .050 + .003 60 -70 42
19 .204 + .002 117 +47 -41
20 .iOO + .001 80 -10 38
22 •305 + .015 136 +87 -180
23 .695 + .030 182 +240 -351
25 , 660 + .055 180 +230 -233
the true strain 'which is the difference between the indicated
strain and the strain correction.
Figure 6l is a plot of the experimental principle strains. 
These values of strain are principle values since the gauges were 
located at a dividing line of symmetry for the geometrical con­
figuration. The data points for the radial strain were taken from 
gauges number 3, 10, 22 and 25. Data for the tangential strains 
were from gauges number 14, 20 and 23. In order to calculate the 
principle stresses from the strain data on Figure 6l, equation 
(IV-5) and (IV-6) were used with T = 0, since temperature com­
pensation was incorporated in the'strain data. In non-dimensional 
form these equations are
data on Figure 6l the stresses as calculated from equations (V-7) 
and (V-8) are plotted on Figures 62 and 63. On Figure 63, the 
radial stresses are interpreted as compressive, and R* has been 
replaced by 1 - R-* as previously discussed in Chapter IV.
For the calculations of stresses from the rectangular rosette 
strain gauges the following equations from Mechanical Measurements 
by Beckwith and Buck [11] were used:
SRR _ eRR + veQ8
(V-7)
oEaT (l - v )c«AT
and
(V-8)
a W  (1 - v2)qAT
Using the material properties given in Table (V-l) and the strain
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oEaT 2aAT - v
+
1 + v
(V-9)
tan 20
2e, - e - e b a c
(V-10)
e €a c
e + e
0 < 0 < 90° if e, > — --- - (V-ll)
2
where 9 is the angle between the a axis of the rosette and the 
axis of the algebraically larger stress. For reference purposes, 
gauges number 2, 13 and 19 correspond to the "a" axis, gauges 
number 1, 11 and 12 correspond to the "b" axis and gauges 15, 16 
and 18 correspond to the "c" axis respectively for each rosette 
gauge shown on Figure 60. The two remaining rosette gauges number 
k, 5, 6, 7> 8, and 9 are not used for stress calculations due to 
the insufficient strain data as mentioned previously. The 
stresses calculated from equations (V-9) through (V-ll) are also 
plotted on Figures 62 and 63.
B. Discussion of Experimental Results
Initially the test specimen was subjected to the initial 
conditions of uniform and steady state temperature by exposing 
the outer edge and the edge of the eccentric hole to an ice bath. 
Actually the entire test specimen was not completely at a uniform 
temperature due to the fact that the insulation had a finite 
conductance. Consequently at locations away from the edges
exposed to ice, some of the temperatures recorded were as much as 
five degrees Fahrenheit above the ice point. Since an object of 
the experiment was to measure transient temperatures, or equiva­
lent changes in temperature with time, the data on Figure 58, for 
some of the thermocouples was offset or shifted by the amount 
that it deviated from the initial ice bath temperature. Therefore 
all of the data presented on Figure 58 represents the variation of 
temperature with respect to time relative to the initial tem­
perature at each particular thermocouple location.
Since the initial temperature of the plate was not completely 
uniform, stresses were also initially present. This non­
uniformity introduced some error in the strain readings that were 
taken at the ice point for strain gauge temperature compensation. 
When strain readings were taken at ambient conditions for gauge 
temperature compensation the test specimen was at a uniform tem­
perature. When the results of Tables 6 and 7 are compared, there 
seems to be a clear indication that the magnitude of strain 
obtained for gauge temperature compensation-is equal to and in 
some instances much larger than the strain obtained when the test 
specimen was subjected to the simultaneous extremes-of ice and 
steam. Based on this observation it is reasonable to consider 
the error introduced by a five degree temperature variation for 
the initial condition to be negligible. Furthermore the results 
in Table.s 6 and 7 demonstrate the importance and necessity of 
strain gauge1 temperature compensation when experimental thermal 
stresses are measured. For this experiment, the strain gauge
temperature compensation data presented in Table 8 was obtained 
by linear interpolation between the'data of Table 6.
Based on the above discussion an additional observation can 
be made. If it is desired to measure the stresses due to tem­
perature changes or gradients by using strain gauges that will 
indicate a strain for a uniform change in temperature in an 
unrestrained test specimen, then it also becomes necessary to 
measure temperatures in the test specimen. This statement is 
true even if a dummy gauge is used for temperature compensation, 
since the dummy gauge would have to be placed on a specimen of 
uniform temperature at the same temperature of the gauge on the 
specimen of non-uniform temperature. The above discussion would 
also apply to a restrained test specimen.
In Chapter IV of this*work, two assumptions were made in 
the thermoelastic development that merit discussion. These 
assumptions were the following: the plate was in a state of
plane stress, and the plate was unrestrained. Both of these 
assumptions were not completely adhered to in this experiment.
The experimental stress results shown on Figures 62 and 63 can 
be used to demonstrate these non-conformities. The test specimen 
was constrained by the insulation. The insulation was applied to 
the plate faces in the form of liquid foam which expanded and 
became rigid as it cured. Just adjacent to the plate faces the 
foam did not expand well, and it acted as a very thick bonding 
agent between the plate and the foam away from the plate faces. 
During the experimentation it was noticed that heat caused the
insulation to become spongy and non-rigid. With the steady state 
temperatures of steam at the eccentric hole and ice at the outer 
edge, the constraint of the insulation varied from negligible in 
regions near the eccentric hole to non-negligible in the cooler 
regions. With the experimental temperature differences any line 
of constant tangential strain was, in a natural manner, either 
trying to get larger or forced to get larger; but in the cooler 
regions the restraint of the insulation acted against the natural 
expansion. The compressive influence of the insulation upon the 
tangential stresses is clearly shown on Figure 62 where the 
theoretical results are somewhat less than the experimental 
tangential stresses in the cooler regions of the plate. The 
effect of the insulation upon the radial stresses shown in Figure 
63 is not significant because the radial stresses were a maximum 
in the region near the heated eccentric hole where the insulation 
was non-rigid. In the cooler regions toward the outer edge of 
the plate the radial stresses are small and approach zero at the 
outer edge where there is no surface constraint.
In addition to the test specimen having a constraint, it 
also was not in a state of plane stress. A state of plane stress
means that there are no stresses in the depth direction of the con­
figuration. The assumption of plane stress is a good approximation 
when the material is thin and unrestrained relative to its other 
dimensions. But this assumption will not always be valid in
regions near the edges. For the particular geometric con­
figuration tested in this work, the theory predicted fairly large
tangential stresses at the outer edge of the plate. With large 
tangential stresses at this edge, the accompanying lateral con­
traction through the depth would be expected, resulting in stresses 
throughout the depth of the plate which are not in agreement with 
the plane stress assumption. If the lateral contractions through 
the depth of the specimen were considered in the theory, the 
predicted theory would show smaller tangential stresses near the 
edges of the plate which are in more agreement with the experi­
mental results shown on Figure 62. Again for the experimental 
results shown on Figure 63 the radial stresses are expected to be 
zero at the plate edges because of the natural boundary condition 
of no constraint forces.
Figure 59 shows fair agreement between the theoretical 
transient temperatures and the experimental values. The close 
agreement with respect to time is only coincidental, because the 
double conformal mapping negated changes in the heat flow paths. 
When Figure 18 was mapped to Figure 1 the heat flow paths were 
increased, and when Figure 1 was mapped to Figure 7 the heat flow 
paths were decreased. For this particular test specimen the 
characteristic dimension for heat flow did not change significantly 
when Figure 18 was mapped to Figure 7. In general this would not 
be the case for circular plates with an eccentric hole.
CHAPTER VI 
SUMMARY
A. Conclusions
The principle thermal stresses can be -determined by using the 
stress and corresponding temperature curves presented in this work 
for three basic geometric configurations. These configurations are 
a circular plate with a concentric or eccentric circular hole of 
chosen size and eccentricity and a semi-infinite plate with a hole 
at an arbitrary distance from the plate edge. All of the steady 
state solutions are exact based on the assumptions made in the 
theoretical developments. The transient solutions, which are 
relative with respect to time, have been included to serve a two­
fold purpose. The transient stress curves presented with corres­
ponding temperature curves can be used for heating conditions 
different from those derived in this work. For example, a steady 
state temperature profile for convective or radiant boundary 
conditions with three-dimensional heat flow could be matched to 
one of these unsteady state temperature profiles and the corres­
ponding steady state stresses could be read directly from the 
stress curves. In addition, the transient stress curves can be 
applied-to quantitatively evaluate stress.magnitudes on a relative 
time basis. This is important because transient stresses can be 
greater than the steady state values. For example, the stress 
curves presented in this work show that radial stresses are small 
in comparison to tangential stresses, but the radial stresses reach
1 1 0
a maximum magnitude during transient conditions at approximately a 
value of F = 0.8, while the tangential stresses are a maximum 
either initially, or with a large value of Rq or L, at steady 
state.
Figures 41 through 56 show that' the radial and tangential
principle stresses increase as Rq increases. Since the tangential
and radial stresses do increase as R increases, the effect ofo
eccentricity on the maximum stress values can he evaluated relative 
to the eccentricity parameters x^ and x^ . Figure 8 demonstrates 
that Rq increases as the value of x^, approaches the value of x_^. 
Consequently, as the relative size of an eccentric hole decreases, 
corresponding stresses increase.
For the semi-infinite plate with a circular hole, Figures 33 
through 40 indicate that the radial and tangential stresses increase 
as L increases, and that L increases as the size of the hole 
decreases relative to its distance from the edge of the semi­
infinite plate.
A comparison between the theory and some experimental thermal 
stresses is presented in Chapter V for a particular circular plate 
with an eccentric hole. Based on the assumptions made in the 
theoretical developments, the experimental results are in fair 
agreement with the theory.
B. Recommendations
Based on the experimentation conducted in this work the 
following recommendation is made. 'Whenever thermal stresses are 
to be measured experimentally with strain gauges, temperatures
should also be determined, As a matter of procedure there are three 
alternatives that can be taken to achieve strain gauge temperature 
compensation. The first approach is to select strain gauges that 
do not indicate strain on an unrestrained test specimen subjected 
to a uniform temperature change. Ideally this is the best approach 
since it would not require temperature measurements. Unfortunately 
if the test material, the temperatures or the gauge bonding agent 
happen to be in any way dissimilar to those used by the manufacturer 
when gauge temperature compensation was obtained, significant 
measurement errors could result by assuming complete strain gauge 
temperature compensation. The second approach for temperature 
compensation is to use in the Wheatstone Bridge a dummy gauge for 
each active gauge. The difficulty with this approach is that it 
requires each dummy gauge to be placed on the same type of material 
at a uniform temperature identical to the temperature of the active 
gauge on the test specimen of non-uniform temperature. This 
approach requires, in addition to temperature measurements, an 
elaborate system for maintaining each dummy gauge assembly at its 
respective uniform temperature. The third approach is to subject 
the test specimen with its gauges mounted to a series of uniform 
temperatures in the temperature range of interest. A particular 
advantage of this approach is the elimination of the added dummy 
gauges, thereby permitting the gauge temperature compensation to 
be achieved in an experiment separate from the thermal stress 
experiment. A disadvantage to this method can arise if the test
specimen is relatively- large and difficult to place in an environ­
ment of uniform temperatures.
Based on the comparison between the theoretical and experi­
mental results it is recommended that future research be conducted 
without making the assumption of plane stress. Without this 
assumption the problem becomes three-dimensional and could be 
approached with an approximate method such as the Finite Element.
A desirable result from future research would be a relationship 
between plate thickness, plate diameter, hole eccentricity and 
thermal loading that would give an indication when the plane stress 
assumption can be made.
A recommendation for extended research in thermoelasticity is 
the solutions for plates with an arbitrary number of holes of 
varying size and location. Again the recommended approach to such 
a problem would be a generalized numerical finite element 
approximation.
BIBLIOGRAPHY
1. Jeager, J. C., "On Thermal Stresses in Circular Cylinders,"
Philosophical Magazine, Vol. 36, 1945, pp. 418-428.
2. Carter, J. C., "Temperature and Stress Distributions in Spheres,
Rods, Tubes and Plates in which the Heat Source is Within 
the Boundaries of the Solids," AWL - 4690, Argonne National 
Laboratory, Chicago, Illinois, 1951.
3. Sonnemann, G. and Davis, D. M., "Stresses in Long Thickwalled
Cylinders Caused by Pressure and Temperature," ASME Paper 
No. 57-4-256.
4. Krauss, H. and Sonnemann, G., "Stress in Hollow Cylinders Due
to Asymetrical Heat Generation," ASME, 1959 Journal of 
Engineering for Power, pp. 449-454.
5. Schmidt, J. and Sonnemann, G., "Transient Temperatures and
Thermal Stresses in Hollow Cylinders Due to Heat 
Generation," ASME, i960, Journal of Heat Transfer, 
pp. 273-278.
6. Townsend, E. J., Functions of a Complex Variable, Henry Holt
and Company, New York, 1915, pp. 176-178.
7. Boley, B. A. and Weiner, J. H., Theory of Thermal Stresses,
John Wiley and Sons, New York, 1967, pp. 246-291.
8. Hodgman, C. D., Mathematical Tables, Chemical Rubber Publishing
Company, Cleveland, Ohio,' i960", pp. 254-284.
9. Marin, J. and Sauer, J. A., Strength of Materials, The Macmillan
Company, New York, i960, pp. 506-507-
10. Kreith, F., Principles of Heat Transfer, International Textbook
Company, Scranton, Pennsylvania, 1967, p. 593-
11. Beckwith, T. G. and Buck, N. L., Mechanical Measurements,
Addison-Wesley Publishing Company, Reading, Massachusetts, 
1961, p. 284.
114
VITA
Robert Arthur Smith was born July 6, 1941 in 
Pittsburgh, Pennsylvania. He attended St. Elizabeth 
Grade and High School during the years 1947 to 1959. 
He was conferred the Bachelor of Art degree by St. 
Vincent College in 1963 and the Bachelor of Science 
by the Pennsylvania State University in 1964. Prom 
1964 to 1967 he worked for the Boeing Company as a 
Research Engineer evaluating the propulsion system 
performance of the Saturn V, first stage booster 
rocket. While with Boeing he attended night school 
and received the Master of Science degree from 
Louisiana State University in 1967*
115
Candidate: Robert Arthur Smith
Major Field: Mechanical Engineering
Title of Thesis: Uncoupled Quasi-Static Thermoelastic Solutions for
Semi-Infinite and Circular Plates with an Eccentric Hole
Approved:
Major Professor, Chairman
Dean of the Graduate School
EXAMINING COMMITTEE:
Date of Examination:
— May 27, 19^9__
